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INTEGRABILITY OF LIMIT SHAPES OF THE
INHOMOGENEOUS SIX VERTEX MODEL
DAVID KEATING, NICOLAI RESHETIKHIN, AND ANANTH SRIDHAR
Abstract. In this paper we prove that the Euler-Lagrange equations for the
limit shape for the inhomogeneous six vertex model on a cylinder have infinitely
many conserved quantities.
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Introduction
In the thermodynamic limit, the height function of the homogeneous 6-vertex
model develops a limit shape [ZJ, AR, CP, PR]. Moreover, the limit shape height
function can be derived from a variational principle similar to the one proven for
bipartite dimer models [CKP]. The Euler-Lagrange equations for this variational
principle considered as an evolution equations in Euclidean time admit infinitely
many conserved quantities [RS]. For the homogeneous six vertex model on a cylinder
the limit shape height function can also be interpreted as a Hamiltonian flow in
Euclidean time along the cylinder. The conservation laws are obtained by [RS] in
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the Hamiltonian framework. They form a Poisson commutative family of functionals
and therefore it is natural to expect that this Hamiltonian system is integrable.
One can argue that the existence of infinite number of conservation laws for the
PDE defining the limit shape is related to the commutativity of transfer matrices
and that it is a semiclassical version of this property. The integrable inhomogeneities
that we consider here correspond to shifts of the spectral parameters. They do not
change the commutativity of transfer-matrices. This was first observed by Baxter,
see [B1] and was used many times in literature, see for example [FR].
In this paper we extend the results of [RS] to the case of the six vertex model
with integrable inhomogeneities. We prove that Euler-Lagrange equations for critical
points of the large deviation functional for this model on a cylinder have infinitely
many conserved quantities. As in the homogeneous case we use the Hamiltonian
framework.
Theorem 4.1 states the main result on the Poisson commutativity of an infinite
family of integrals of motion. The theorem follows from bilinear differential identities
for the semicanonical free energy function. These identities are proven in Theorem
4.3. The proof is based on properties of integral equations involved in the description
of the ground state of the model. These properties are presented in section 3. The
analysis largely follows [NK, IKR]. The description of the free energy uses standard
conjectures about the ground state of the 6-vertex model which were confirmed
numerically in numerous cases and in some cases, such as a free fermionic point, are
proven.
The organization of the paper is as follows: In section 1, we briefly describe the
transfer matrix and partition function of the six vertex model, including a review
of the Bethe ansatz for the eigenvectors of the transfer matrix. In section 2 we
review the structure of the maximal eigenvalue in the thermodynamic limit. Integral
equations describing the density of the free energy on a torus in the thermodynamic
limit are analyzed in section 3. In section 4, we outline the variational principle and
the Hamiltonian framework for the limit shape and prove the main theorem. In the
concluding section 5, we give concluding remarks and present some open problems.
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1. The six vertex model on a cylinder
1.1. The six vertex model. Here we recall some basic facts about the six vertex
model (see [B1], survey [Re] and section 1 of [RS] and references therein). Recall
that the ice rule implies that the six vertex model can be seen as a set of path which
do not cross, but may touch at vertex. Figure 1 show the possible states for a single
vertex, note that we orient the path up and right.
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w1 w2 w3 w4 w5 w6
Figure 1. Six vertex configurations.
An important parameter of the six vertex model is
∆ =
w1w2 + w3w4 − w5w6
2
√
w1w2w3w4
Baxter gave the following important parameterizations of the weights for the sym-
metric six vertex model when w1 = w2 = a, w3 = w4 = b, and w5 = w6 = c.
(1) When ∆ > 1:
(a) If a > b+ c, let (a, b, c) = (r sinh(u+ η), r sinh u, r sinh η), with η > 0.
(b) If b > a+c, let (a, b, c) = (r sinh(u−η), r sinh u, r sinh η), with 0 < η < u.
Here ∆ = cosh η.
(2) When ∆ < −1: let (a, b, c) = (r sinh(η−u), r sinh u, r sinh η) with 0 < u < η.
Here ∆ = − cosh η.
(3) When −1 < ∆ < 1:
(a) If a > b + c, let (a, b, c) = (r sin(u − γ), r sin u, r sin γ), with 0 < γ <
u < pi
2
. Here ∆ = cos γ.
(b) If b > a + c, let (a, b, c) = (r sin(γ − u), r sin u, r sin γ), with 0 < u <
γ < pi
2
. Here ∆ = − cos γ.
where u is called the spectral parameter.
In the non-symmetric case the weights can be naturally parametrized as
w1 = ae
H+V , w3 = be
H−V , w5 = cλ
w2 = ae
−H−V , w4 = be
−H+V , w6 = cλ
−1
(1.1)
where H and V can be viewed as magnetic (or electric, depending on the interpreta-
tion) field. The magnetic fields can be introduced as edge weights in the symmetric
model if we assign each occupied horizontal edge a weight of e
H
2 and each unoccupied
e−
H
2 . Similarly, each occupied vertical edge gets a weight of e
V
2 and each unoccupied
e−
V
2 .
Note that on the cylinder and torus the number of vertices with weight w5 is
equal to those with weight w6, so we may set λ = 1 without loss of generality. As
we are primarily concerned with these cases, we set λ = 1 for what follows.
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1.2. The Yang-Baxter equation. Let e1 =
(
1
0
)
and e2 =
(
0
1
)
be the standard
basis of C2. To each edge we assign a vector in C2, with e1 corresponding to an
occupied edge, and e2 to an unoccupied edge. Then, in the tensor product basis
e1 ⊗ e1, e1 ⊗ e2, e2 ⊗ e1, e2 ⊗ e2, we can arrange the six vertex weights into the 4× 4
matrix
R(u,H, V ) =

aeH+V 0 0 0
0 beH−V c 0
0 c be−H+V 0
0 0 0 ae−H−V
 (1.2)
Here we explicitly write the dependence on the spectral parameter and magnetic
fields. Let R(u) = R(u, 0, 0). We can write R(u,H, V ) as
R(u,H, V ) =
(
DH ⊗DV )R(u) (DH ⊗DV ) (1.3)
where DH =
(
e
H
2 0
0 e−
H
2
)
. The ice rules imply the identity
(D ⊗D)R(u,H, V ) = R(u,H, V ) (D ⊗D) (1.4)
for any diagonal matrix D.
In [B1] Baxter showed that the R-matrix satisfies the Yang-Baxter equation
R12(u)R13(u+ v)R23(v) = R23(v)R13(u+ v)R12(u) (1.5)
in C2 ⊗ C2 ⊗ C2, where the subscripts indicate which factors of the tensor product
the matrix acts on and R(u) = R(u, 0, 0). This along with equations (1.3) and (1.4)
imply that
R12(u)R13(u+ v,H, 0)R23(v,H, 0) = R23(v,H, 0)R13(u+ v,H, 0)R12(u) (1.6)
1.3. The transfer matrix and partition function. Using the R-matrix above,
we can construct the partition function for the six vertex model on a cylinder.
Consider the inhomogeneous 6-vertex model on a cylinder with inhomogeneity
parameters vk, k = 1, · · · , N corresponding to vertical lines of the lattice. That is,
for a single row the spectral parameter at site k is given by u− vk. Construct that
quantum monodromy matrix Ta(u, {vk}, H, 0) : C2 ⊗ (C2)⊗N → C2 ⊗ (C2)⊗N by
Ta(u, {vk}, H, 0) = D2Ha R1a(u− v1)D2Ha R2a(u− v2) · · ·D2Ha RNa(u− vN )
=
(
A(u) B(u)
C(u) D(u)
)
.
(1.7)
Here, the first factor is enumerated by a, others by 1, · · · , N . The matrix elements of
Ta(u,H, 0) can be thought of as weight of the configuration on a single row with given
boundary conditions. Taking the trace over the first factor and adding a vertical
magnetic field we have the row-to-row transfer matrix t(u, {vk}, H, V ) : (C2)⊗N →
(C2)⊗N
t(u, {vk}, H, V ) = (D2V1 · · ·D2VN )Tra Ta(u, {vk}, H, 0). (1.8)
The elements of this can be seen as the weight of a configuration of a single row
on the cylinder with specified boundary conditions and magnetic fields H and V .
Finally, we can construct the partition function on a cylinder with M row with free
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boundary conditions and inhomogeneity parameters ui, i = 1, · · · ,M corresponding
to the horizontal lines of the lattice
ZcylMN({ui}, {vk}, H, V ) = t(u1, {vk}, H, V )t(u2, {vk}, H, V ) · · · t(uM , {vk}, H, V ).
The partition function with boundary states ξ1 and ξ2 is
Z
cyl
MN,ξ1,ξ2
({ui}, {vk},H, V ) = (ξ1, t(u1, {vk},H, V )t(u2, {vk},H, V ) · · · t(uM , {vk},H, V )ξ2).
where (x, y) is the natural scalar product on (C2)⊗N . Note that equations (1.4) and
(1.8) imply that in the case of the cylinder the vertical magnetic field only contributes
an overall factor of eM(N−2n)V to the partition function, where n is number of vertical
edges occupied by paths in each row. Because of this we will focus on the partition
function of a cylinder with V = 0.
If we then take the trace over (C2)⊗N , we get the partition function for theM×N
torus
ZtorusMN ({ui}, {vk}, H, V ) = Tr
(
ZcylMN({ui}, {vk}, H, V )
)
.
Note that
ZtorusMN ({ui}, {vk}, H, V ) =
N∑
n=0
eM(N−2n)V Ztorus,nMN ({ui}, {vk}, H).
According to the terminology in statistical mechanics, it is natural to call ZtorusMN (u,H, V )
the grand canonical partition function, where we sum over all possible topological
configurations of paths on the torus. The partition function Ztorus,nMN (u,H) in this
sense should be called the semigrand canonical partition function, where the number
of paths crossing a horizontal cycle is fixed by n.
1.4. The spectrum of transfer-matrices for finite N . Here we assume ∆ =
(a2+b2−c2)
2ab
< −1. In this region Baxter’s parametrization is
a = sinh(η − u), b = sinh u, c = sinh η.
In this parametrization ∆ = − cosh η and 0 < u < η. Later we will comment on
other values of ∆.
The following construction is known as an algebraic Bethe ansatz1. It states that
if {αj} satisfy the Bethe equations
N∏
k=1
sinh(η
2
+ iαj − vk)
sinh(η
2
− iαj + vk) = e
2HN
n∏
m=1,m6=j
sinh(i(αj − αm) + η)
sinh(i(αj − αm)− η) (1.9)
then the vector
B(α1) . . . B(αn) Ω, Ω =
(
0
1
)
⊗ · · · ⊗
(
0
1
)
(1.10)
1 The idea of using a superposition of plane waves as an eigenfunction for the Heisenberg spin
Hamiltonian (which is the the logarithmic derivative of the transfer-matrix of the homogeneous
6-vertex model at u = 0) goes back to H. Bethe [B]. It was first applied to the 6-vertex model by
E. Lieb in [L] for zero magnetic fields. Shorty after C.P. Yang [Y] applied it to the asymmetric
6-vertex model (with magnetic fields). The algebraic form we use is due to L. Faddeev and L.
Takhtajan [FT2].
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is an eigenvector of the transfer-matrix (1.8) with the eigenvalue
Λ(u, {vk}, H, 0) = eNH
N∏
k=1
sinh(η − u+ vk)
n∏
j=1
sinh(η
2
+ u− iαj)
sinh(η
2
− u+ iαj)
+ e−NH
N∏
k=1
sinh(u− vk)
n∏
j=1
sinh(3η
2
− u+ iαj)
sinh(u− η
2
− iαj) .
(1.11)
This is the description of the spectrum of the transfer-matrix for the model in the
horizontal magnetic field H with inhomogeneities {vk} for ∆ < −1.
Define functions p and Θ defined by,
eip(α) =
eη+2iα − 1
eη − e2iα
=
sinh(η
2
+ iα)
sinh(η
2
− iα) ,
eiΘ(α−β) =
1 + eip(α)+ip(β) − 2∆eip(α)
1 + eip(α)+ip(β) − 2∆eip(β)
= −sinh(iα− iβ + η)
sinh(iα− iβ − η) .
(1.12)
The following identities can be checked directly:
p(α∗) = p(α)∗
Θ(α∗) = Θ(α)∗
p(−α) = −p(α)
Θ(−α) = −Θ(α) (1.13)
Here a∗ is the complex conjugate of a. In terms of these functions Bethe equations
can be conveniently written as
N∏
k=1
eip(αj+ivk) = e2HN
n∏
m=1,m6=j
(−eiΘ(αj−αm)) .
Remark 1.1. The spectrum of the transfer-matix for other values of ∆ can be ob-
tained similarly, using the analytical continuation. In terms of functions a(u), b(u), c(u)
parametrizing weights of the model, the eigenvalues of the transfer matrix for all
values of ∆ can be written as
Λ(u, {vk}, H, 0) = eNH
N∏
k=1
a(u− vk)
n∏
i=1
a(λi − u)
b(λi − u) + e
−NH
N∏
k=1
b(u− vk)
n∏
i=1
a(u− λi)
b(u− λi)
encompassing any choice of parametrization, where the λj solve the Bethe equations
N∏
k=1
b(λj − vk)
a(λj − vk) = e
2NH(−1)n
n∏
i=1,i 6=j
a(λi − λj)
a(λj − λi) .
Equations (1.11) and (1.9) follow from choosing the parametrization for ∆ < −1
and letting λj = iαj +
η
2
. For details, see, for example, [KBI].
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Introduce notation
eψ+(α+iu) =
eη+2u − e2iα
eη−2iα − e2u =
sinh(η
2
+ u− iα)
sinh(η
2
− u+ iα)
eψ−(α+iu) =
e2η+2iα − e2u−η
e2u − eη+2iα =
sinh(3η
2
− u+ iα)
sinh(u− η
2
− iα) .
(1.14)
Then the formula for eigenvalues of in terms of solutions to Bethe equations can
be written as
Λ(u, {vk}, H, 0) = eNH
N∏
k=1
sinh(η − u+ vk)
n∏
j=1
eψ+(αj+iu)
+ e−NH
N∏
k=1
sinh(u− vk)
n∏
j=1
eψ−(αj+iu).
(1.15)
2. The thermodynamic limit
In this section we will describe the asymptotic of the partition function when
N,M →∞ using the analysis of the Bethe equations in the limit N →∞. We will
first describe the case of homogeneous weights.
2.1. The ground state for finite N . Recall the Bethe equations are
N∏
k=1
eip(αj+ivk) = e2HN (−1)n−1
n∏
m=1,m6=j
eiΘ(αj−αm).
Choosing branches of logarithms in the definition of p(α) and Θ(α−β) we can write
them as
N∑
k=1
1
N
p(αj + ivk) = −2iH + 2πIj
N
+
n∑
m=1,m6=j
1
N
Θ(αj − αm)
where Ij are integers for odd n and half-integers for even n.
The first basic conjecture in the Bethe ansatz description of the largest eigenvalue
of the transfer matrix, in the subspace with fixed n, states that
Conjecture 2.1. When the inhomogeneities and H are sufficiently small, or when
the system is homogeneous, the maximal eigenvalue corresponds to solutions of Bethe
equations with
Ij =
n + 1− 2j
2
, j = 1, · · · , n
This conjecture has a long history. Perhaps, the first detailed study of this
conjecture, applied to the Heisenberg XXZ spin chain was done in [YY] where the
authors also give an account of prior results. It was used to characterize the ground
state when N → ∞ and to compute the free energy in this limit in [Y][SYY]. An
account of this and other works on the 6-vertex model can be found in a survey
[LW] and in [B1]. Among more recent results are: a detailed exposition of results
from [Y][SYY] was done in [N], for a rather detailed study of analytic properties of
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solutions to Bethe equations for SOS model with twisted boundary conditions see
[BM], an explicit description of the ground state energy and the free energy for the
5-vertex model was found in [GKW].
2.2. The ground state in the limit N →∞, homogeneous case. The following
conjecture describes the behavior of the solution to the Bethe equations correspond-
ing to the maximal eigenvalue of the transfer-matrix in the limit when N →∞ and
the ration n/N is fixed.
Conjecture 2.2. Fix the ratio n
N
. As N → ∞, the roots of Bethe equations cor-
responding to Ij from conjecture 2.1 become distributed along a contour C which is
described below.
To describe C, let us we introduce
2πtj = 2π
Ij
N
−q
2
≤ tj ≤ q
2
(2.1)
where q = n/N . We will write α(tj) for αj .
As N →∞ with q fixed, according to the conjecture 2.2, the roots α(tj) of Bethe
equations form a complex-valued function α(t), t ∈ [− q
2
, q
2
]. The Bethe equations
become the non-linear integral equation for α(t)
2πt = p(α(t)) + 2Hi−
∫ q/2
−q/2
Θ(α(t)− α(s)) ds. (2.2)
The image of the function α is the contour C. This contour connects the endpoints
A = α(−q/2) and B = α(q/2). Note that A = A(q,H) depends on both the density
and the magnetic field (and similarly for B).
Conversely, denote by t(α) : C → [− q
2
, q
2
] the inverse of α(t). The function t can
be analytically continued off the contour, yielding a complex valued function t(α)
which analytic away from singularities and branch cuts. Define ρ to be the density
of roots of Bethe equations along C. We have
ρ(z) =
∂t(z)
∂z
∣∣∣
z∈C
. (2.3)
Note that Im
(
ρ(z) dz|C
)
= 0 and∫ B
A
ρ(α) dα = q. (2.4)
From the Bethe equations we obtain the equation for t(α) given by
2πt(α) = p(α) + 2iH −
∫ B
A
Θ(α− β)t′(β)dβ. (2.5)
Here α ∈ C and the integral is taken along C.
Note that |Re(t(α))| ≤ q
2
and t(B) = q
2
, t(A) = − q
2
.
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Suppose α is on the contour so that t(α) is real. Conjugating equation (2.5), we
have
2πt(α)∗ = p(α)∗ − 2iH +
∫
C
Θ(α− γ)∗t′(γ)∗dγ∗
= p(α∗)− 2iH +
∫
C
Θ(α∗ − γ∗)t′(γ∗)dγ∗
= −p(−α∗)− 2iH +
∫
C∗
Θ(α∗ − γ)t′(γ)dγ
= −p(−α∗)− 2iH −
∫
C
Θ(α∗ + γ)t′(−γ)dγ
= −p(−α∗)− 2iH +
∫
C
Θ(−α∗ − γ)t′(−γ)dγ
= −2πt(−α∗)
where we used the the fact that we extended t analytically so that t′(γ)∗ = t′(γ∗).
Thus we see that −α∗ lies on the contour and t(α) = −t(−α∗). It follows that the
roots are distributed symmetrically with respect to reflecting across the imaginary
axis. In particular, B = −A∗.
Differentiating equation (2.5) we obtain an integral equation for ρ(α) given by
2πρ(α) = p′(α)−
∫
C
K(α− β)ρ(β)dβ (2.6)
where K = Θ′. Note that the kernel in the integral equation (2.6) is a meromorphic
function of α. This means that the contour can be deformed as long as it does
not cross a pole of K(α − β). The condition (2.3) selects a representative of the
equivalence class of continuous deformations of the contour, such that ρ(α) dα is a
positive density.
Given the solution to (2.6), the equation (2.5) defines t(α).
2.3. Maximal eigenvalue in the thermodynamic limit. Recall the form of the
eigenvalues (1.15) of the homogeneous transfer matrix
Λ(u,H, 0) = Λ+(u,H, 0) + Λ−(u,H, 0)
where
Λ+(u,H, 0) =e
NH sinh(η − u)N
n∏
j=1
eψ+(αj+iu)
and
Λ−(u,H, 0) =e
−NH sinh(u)N
n∏
j=1
eψ−(αj+iu).
For generic values of H , only one of Λ± contributes in the thermodynamic limit.
Define
ψ(±)u (α) = ψ±(α + iu)
where ψ± are defined by equation (1.14). These functions satisfy
ψ(±)u (α)
∗ = ψ(±)u (−α∗).
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Define as well
l+ = ln sinh(η − u), l− = ln sinh u, (2.7)
where we recall that in our parametrization 0 < u < η.
Fix H and the ratio q = n
N
. As N → ∞, one of the two terms, Λ+ or Λ−
dominates and for the largest eigenvalue of the transfer matrix is
Λmax(u, q,H) = e
NHu(q,H)(1 + o(1)),
where the function Hu(q,H) is the semigrand canonical free energy of the six vertex
model
Hu(q,H) = max
±
H±u (q,H) (2.8)
where
H±u (q,H) = ±H + l± +
∫
C
ψ±u (α)ρ(α)dα (2.9)
is the limit of 1
N
ln(Λ±(u, q,H)) when q is fixed, and ρ(α) is the density of Bethe
roots along the contour C where they concentrate in the limit N →∞.
2.4. The free energy of the six vertex model on a torus. Recall that grand
canonical partition function of the six vertex model on a torus can be written as
ZtorusMN (u,H, V ) =
N∑
n=0
eM(N−2n)V Ztorus,nMN (u,H) (2.10)
where Ztorus,nMN (u,H) is the semigrand canonical partition function. The semigrand
canonical partition function itself may be written as
Ztorus,nMN (u,H) =
∑
{αi}
(Λ{αi}(u,H))
M
where the sum is over all collections {α1, . . . , αn} that solve the Bethe equations,
and Λ{αi} is the eigenvalue of the transfer matrix t(u,H, 0) corresponding to these
Bethe roots.
Thus, when N,M → ∞ with q = n
N
fixed, and M >> N , one expects the
asymptotic of Ztorus,nMN (u,H) is determined by the contribution from the maximum
eigenvalue. From this we have
Ztorus,nMN (u,H) = e
NMHu(q,H)(1 + o(1)) (2.11)
with Hu(q,H) the semigrand free energy defined in (2.8). One can argue that this
asymptotic is uniform in N
M
and is given by the same formula when N,M →∞ and
the ratio N
M
is finite. Combining this asymptotic with (2.10) we obtain the following
asymptotic of the grant canonical partition function as N,M →∞
ZtorusMN (u,H, V ) = e
NMV eNMfu(H,V )(1 + o(1)). (2.12)
Here the grand canonical free energy is the Legendre transform of the semigrand
canonical free energy with the vertical magnetic field V conjugate to q:
fu(H, V ) = max
q
(Hu(q,H)− 2qV ). (2.13)
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3. Analysis of density integrals and integral equations
In this section we will study integral equations that appear from Bethe equations
in the thermodynamic limit and prove the properties that we use in the proof of the
Poisson commutativity of Hamiltonians. In table 1, below, we summarize multiple
notations that we use.
Function Definition Location
Θ(α− β) eiΘ(α−β) = − sinh(i(α−β)+η)sinh(i(α−β)−η) Def. (1.12)
K(α− β) K(α− β) = ∂∂αΘ(α− β) Eqn. (2.6)
p(α) eip(α) =
sinh(η
2
+iα)
sinh(η
2
−iα)
Def. (1.12)
ψ±(α+ iu) e
ψ±(α+iu) =
sinh(u−iα− η
2
±η)
sinh(η
2
−u−iα)
Def. (1.14)
H±u (q,H) H±u (q,H) = ±H + ln sinh(η2 ± (η2 − u)) +
∫
C ψ±(α+ iu)ρ(α)dα Eqn. (2.9)
F (α, γ)
(
I + 12piK
) ∗ F = 12piΘ Eqn. (3.1)
R(α, γ) R(α, γ) = ∂∂γF (α, γ) Eqn. (3.2)
D+(α)
(
I + 12piK
) ∗D+(α) = 12pi (Θ(α−B) + Θ(α−A)) Eqn. (3.9)
D−(α)
(
I + 12piK
) ∗D−(α) = 12pi Eqn. (3.9)
ξ ξ = 2pii
(
f ′(B) +
∫
C f
′(α)R(α,B)dα
)
Eqn. (3.13)
ξ˜ ξ˜ = 2pii
(
f ′(A) +
∫
C f
′(α)R(α,A)dα
)
Eqn. (3.13)
Table 1. The definitions of various important functions used in the paper.
3.1. Integrals kernels and integral equations. The integral equation (2.6) for
ρ can be written as
ρ+
(
1
2π
K ∗ ρ
)
=
1
2π
p′
or (
I +
1
2π
K
)
∗ ρ = 1
2π
p′
where ∗ is convolution, I is the convolution identity, and we recall K(α) = Θ′(α).
Define F by
F (α, γ) +
1
2π
∫
C
K(α− β)F (β, γ) dβ = 1
2π
Θ(α− γ). (3.1)
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Let R(α, γ) = ∂
∂γ
F (α, γ). It satisfies
R(α, γ) +
1
2π
∫
C
K(α− β)R(β, γ)dβ = − 1
2π
K(α− γ). (3.2)
In other words,
R +
1
2π
K ∗R = − 1
2π
K
⇒ (I + 1
2π
K) ∗R = − 1
2π
K
⇒ (I + 1
2π
K) ∗R + (I + 1
2π
K) = I
⇒ (I + 1
2π
K) ∗ (I +R) = I
or as operators
I +R =
(
I +
1
2π
K
)−1
.
We see that F and R satisfy (
I +
1
2π
K
)
∗ F = 1
2π
Θ (3.3)(
I +
1
2π
K
)
∗ (I +R) = I (3.4)
Lemma 3.1. The functions satisfy the following symmetries:
a) K(α∗) = K(α)
b) F (−α∗,−β∗) = −F (α, β)∗
c) ρ(α)∗ = ρ(−α∗)
d) R(α, β)∗ = R(−α∗,−β∗)
Lemma 3.2.
∂F (α, γ)
∂α
= −R(α, γ)−R(α,B)F (B, γ) +R(α,A)F (A, γ)
Proof. Starting with the definition (3.1) of F and taking the α derivative, we have
1
2π
K(α− γ) =∂F
∂α
+
1
2π
∫
C
∂
∂α
K(α− β)F (β, γ)dβ
=
∂F
∂α
− 1
2π
∫
C
∂
∂β
K(α− β)F (β, γ)dβ
=
∂F
∂α
− 1
2π
(K(α−B)F (B, γ)−K(α− A)F (A, γ)) + 1
2π
∫
C
K(α− β)∂F (β, γ)
∂β
dβ.
Equivalently
1
2π
(
K(α− γ) +K(α− B)F (B, γ)−K(α− A)F (A, γ)
)
=
(
I +
1
2π
K
)
∗ ∂F
∂α
(α, γ).
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Multiplying by (I +R) and using(
(I +R) ∗ 1
2π
K
)
(α, β) = −R(α, β) (3.5)
we have the lemma. 
3.2. Analysis of density integrals. In the next section we will study integrals of
the form
g(q,H) =
∫
C
f(α) ρ(α) dα
for arbitrary functions f , where ρ and C are determined by Bethe integral equation
(2.6), as well as conditions (2.3) and (2.4). We will also call these density integrals.
Integrals of this type describe largest eigenvalue in the thermodynamic limit (see
equations (2.8) and (2.9)). This section is a survey of [IKR] and [NK].
Lemma 3.3. g(q,H) is real if f(α)∗ = f(−α∗).
Proof. Since −C∗ = C
g∗ =
∫
C∗
f(α)∗ ρ(α)∗ dα∗
=
∫
−C∗
f(γ) ρ(γ) dγ
=
∫
C
f(γ) ρ(γ) dγ = g

We will assume f(α)∗ = f(−α∗) since the functions ψ±(α) satisfy this assumption.
3.3. First derivatives of g(q,H). Here we will compute first derivatives of g in
q and H . Recall that the endpoints of the contour also depend on q and H . Let
dg(q,H) = ∂g
∂q
dq + ∂g
∂H
dH be the total derivative with respect to q and H .
For the total derivative of g(q,H) we have
dg(q,H) = d
∫ B
A
f(α)ρ(α)dα
= dB f(B) ρ(B)− dA f(A) ρ(A) +
∫ B
A
f(α) dρ(α) dα
(3.6)
Recall from equation (2.3) that ρ(α) is the partial derivative of t(α) along the contour
C. We can use this in the above and integrate by parts to obtain
dg(q,H) = dB f(B) ρ(B)− dA f(A) ρ(A) +
∫ B
A
f(α)
∂dt(α)
∂α
dα
= dB f(B) ρ(B)− dA f(A) ρ(A) + f(B)dt(B)− f(A)dt(A)
−
∫ B
A
∂f(α)
∂α
dt(α) dα
(3.7)
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We know that at the endpoints we have
t(B) =
1
2
q
t(A) = −1
2
q
(see equation (2.5)). Varying these equations in A and B we obtain
dt(B) + ρ(B) dB =
1
2
dq
dt(A) + ρ(A) dA = −1
2
dq
(3.8)
Lemma 3.4. The variation of t(α) satisfies the following integral equation(
I +
1
2π
K
) ∗ dt(α) = i
π
dH − 1
4π
(
Θ(α−B) + Θ(α− A)) dq
Proof. Starting from equation (2.5) and using the previous calculation (3.7) with
f(α) = Θ(α− β), we have
2π dt(α) =2i dH − dB Θ(α− B) ρ(B) + dA Θ(α− A)ρ(A)
−Θ(α−B) dt(B) + Θ(α−A) dt(A)−
∫
C
K(α− β) dt(β) dβ.
Then substituting equations (3.8) for ρ(A)dA and ρ(B)dB gives
dt(α) +
1
2π
K ∗ dt(α) = i
π
dH − 1
4π
Θ(α−B) dq − 1
4π
Θ(α− A) dq
which can be rearranged to give the desired result. 
Define functions D±(α) as solutions to integral equations(
I +
1
2π
K
)
∗D−(α) = 1
2π(
I +
1
2π
K
)
∗D+(α) = 1
2π
(
Θ(α−B) + Θ(α− A)
)
.
(3.9)
Lemma 3.5. The functions D± satisfy
1) D−(α) =
1
2pi
(1 + F (α,B)− F (α,A))
2) D+(α) = F (α,B) + F (α,A).
Proof.
1) By definition of R we have(
I +
1
2π
K
)
∗ (I +R) = I, (I +R) ∗
(
I +
1
2π
K
)
= I.
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Inverting I + 1
2pi
K in the definition of D− we obtain
D−(α) =
(
(I +R) ∗ 1
2π
)
(α)
=
1
2π
+
1
2π
∫ B
A
R(α, β) dβ
=
1
2π
+
1
2π
∫ B
A
∂F (α, β)
∂β
dβ
=
1
2π
(1 + F (α,B)− F (α,A)) .
2) Similarly for D+ we obtain
D+(α) = (I +R) ∗ 1
2π
(Θ(α− B) + Θ(α−A))
= (I +R) ∗
((
I +
1
2π
K
) ∗ F (α,B) + (I + 1
2π
K
) ∗ F (α,A))
= F (α,B) + F (α,A).

It is easy to see now that the variation of t(α) can be written as
Lemma 3.6.
dt(α) = 2i D−(α) dH − 1
2
D+(α) dq. (3.10)
Note the following properties of the functions D±:
a) When we vary q and H , t(α) remains real which implies that dt(α) is real. It
follows then that
Re D−(α) = 0
Im D+(α) = 0.
b) The functions D±(α) have the following symmetries with respect to the complex
conjugation
D−(α)
∗ = 1 + F (−α∗,−β∗) + F (−α∗,−A∗) = D−(−α∗)
D+(α)
∗ = −F (−α∗, A)− F (−α∗, B) = −D+(−α∗).
In particular,
D−(B) = D−(A)
D+(B) = −D+(A). (3.11)
Lemma 3.7.
∂D+(α)
∂α
= −R(α,B)(1 +D+(B))−R(α,A)(1−D+(A))
∂D−(α)
∂α
= R(α,A)D−(A)−R(α,B)D−(B)
Proof. This follows from a simple computation using Lemmas 3.5 and 3.2. 
16 DAVID KEATING, NICOLAI RESHETIKHIN, AND ANANTH SRIDHAR
Now, using the variation of t(α), let us complete the first variation of g(q,H).
Proposition 3.8. Partial derivatives of g(q,H) can be written as
∂g
∂H
= −2i
∫
C
f ′(α)D−(α) dα
∂g
∂q
=
1
2
(f(B) + f(A)) +
1
2
∫
C
f ′(α)D+(α) dα.
Proof. Using equation (3.8) and Lemma 3.6, we have
dg(q,H) = dB f(B) ρ(B)− dA f(A) ρ(A) +
∫
C
f(α) ∂α
(
dt(α)
)
dα
=
(
dB ρ(B) + dt(B)
)
f(B)− (dA ρ(A) + dt(A))f(A)− ∫
C
f ′(α) dt(α) dα
=
1
2
(f(B) + f(A)) dq −
∫
C
f ′(α)
(
2i D−(α) dH − 1
2
D+(α) dq
)
dα
=
dq
2
(
(f(B) + f(A)) +
∫
C
f ′(α)D+(α)dα
)
− 2i dH
∫
C
f ′(α)D−(α) dα
from which the proposition follows. 
3.4. Second derivatives of g(q,H). Next we turn to calculating the second deriva-
tives of g(q,H). To begin we prove several lemmas that will be useful for later
computations.
Lemma 3.9.
dF (α, γ) = R(α,B) F (B, γ) dB − R(α,A) F (A, γ) dA
Proof. Starting with the definition (3.1) and taking the total derivative we have
dF (α, γ) +
1
2π
∫ B
A
K(α− β) dF (β, γ) dβ
+
1
2π
(
K(α− B)F (B, γ) dB −K(α−A)F (A, γ) dA
)
= 0
So(
I +
1
2π
K
)
∗ dF (α, γ) = − 1
2π
(
K(α− B)F (B, γ) dB −K(α−A)F (A, γ)dA
)
(3.12)
Acting with I +R on both sides and using equation (3.5) gives the lemma. 
Lemma 3.10. For the total derivative of D−(α) we have
dD−(α) = R(α,B) D−(B) dB − R(α,A) D−(A) dA.
Proof. From the formula for D−(α)in Lemma 3.5 we get
dD−(α) =
1
2π
(
dF (α,B)− dF (α,A) + ∂F (α,B)
∂B
dB − ∂F (α,A)
∂A
dA
)
.
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Substituting the result from Lemma 3.9 into the variation of D−(α) we have
dD−(α) =
1
2π
(R(α,B) F (B,B) dB − R(α,A) F (A,B) dA
−R(α,B) F (B,A) dB +R(α,A) F (A,A) dA+ ∂F (α,B)
∂B
dB − ∂F (α,A)
∂A
dA
)
=
1
2π
(
R(α,B)
(
F (B,B)− F (B,A) + 1) dB −R(α,A)(F (A,B)− F (A,A) + 1) dA)
=R(α,B) D−(B) dB − R(α,A) D−(A) dA
as desired. 
Lemma 3.11. For the total derivative of D+(α) we have
dD+(α) = R(α,B)
(
1 +D+(B)
)
dB +R(α,A)
(
1−D+(A)
)
dA
Proof. By straightforward computation starting from Lemma 3.5 we obtain
dD+(α) =dF (α,B) + dF (α,A) + dB
∂F (α,B)
∂B
+ dA
∂F (α,A)
∂A
=dF (α,B) + dF (α,A) + dB R(α,B) + dA R(α,A)
= R(α,B) dB +R(α,A)dA+R(α,B)F (B,B) dB − R(α,A)F (A,B) dA
+R(α,B)F (B,A) dB −R(α,A)F (A,B) dA
= R(α,B)
(
1 + F (B,B) + F (B,A)
)
dB +R(α,A)
(
1− F (A,B)− F (A,A)) dA.
Using Lemma 3.5 again gives the desired result. 
Lemma 3.12.
(1 +D+(B)) D−(B) =
1
2π
Proof. Let J = (1 + D+(B)) D−(B). It could be that D+, D− depend on A =
−a+ ib, B = a+ ib. Note, however, that F (α, γ) is invariant under a pure imaginary
shift in α, γ, and the contour, so D+(B), D−(B) can only depend on a. When a = 0,
we have F (α, γ) = 1
2pi
Θ(α− γ) and it follows J = 1
2pi
. It is left to show that the full
derivative of J with respect to a is zero.
Taking derivatives we have
d
da
D−(B) =
∂D−(α)
∂α
∣∣∣
α=B
∂B
∂a
+
∂D−(α)
∂A
∣∣∣
α=B
∂A
∂a
+
∂D−(α)
∂B
∣∣∣
α=B
∂B
∂a
d
da
D+(B) =
∂D+(α)
∂α
∣∣∣
α=B
∂B
∂a
+
∂D+(α)
∂A
∣∣∣
α=B
∂A
∂a
+
∂D+(α)
∂B
∣∣∣
α=B
∂B
∂a
.
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Using Lemmas 3.7, 3.10, and 3.11 for the derivatives and recallingD±(A) = ∓D±(B) =
∓D±, these become
d
da
D−(B) =R(B,A)D−(A)− R(B,B)D−(B) +R(B,A)D−(A) +R(B,B)D−(B)
=2R(B,A)D−(B)
d
da
D+(B) =− R(B,B)(1−D+(A))− R(B,A)(1 +D+(B))
− R(B,A)(1−D+(A)) + R(B,B)(1 +D+(B))
=− 2R(B,A)(1 +D+(B)).
From which it follows
d
da
J = D−(B)
d
da
D+(B) + (1 +D+(B))
d
da
D−(B)
= −2D−(B)R(B,A)(1 +D+(B)) + 2(1 +D+(B))R(B,A)D−(B)
= 0.
We see that (1 +D+(B))D−(B) =
1
2pi
, independent of the endpoints of the contour.

Introduce
ξ = 2πi
(
f ′(B) +
∫
C
f ′(α)R(α,B) dα
)
,
ξ˜ = 2πi
(
f ′(A) +
∫
C
f ′(α)R(α,A) dα
)
.
(3.13)
Note that since f(α)∗ = f(−α∗) we have ξ˜ = ξ∗.
Proposition 3.13. The following hold
d
∂g
∂H
= −1
π
D−(B) ξ dB +
1
π
D−(A) ξ˜ dA (3.14)
d
∂g
∂q
= − i
4π
(
1 +D+(B)
)
ξ dB − i
4π
(
1−D+(A)
)
ξ˜ dA. (3.15)
Proof. We first prove (3.14). Starting from Prop. 3.8 we have
d
∂g
∂H
=− 2i d
∫
C
f ′(α)D−(α)dα
=− 2i
(
dB f ′(B) D−(B)− dA f ′(A) D−(A) +
∫
C
f ′(α)dD−(α) dα
)
=− 2i
(
dB f ′(B) D−(B)− dA f ′(A)D−(A)
+
∫
C
f ′(α)
(
R(α,B) D−(B) dB − R(α,A) D−(A) dA
)
dα
)
=− 2i
(
dB D−(B)
(
f ′(B) +
∫
C
f ′(α)R(α,B)dα
)
− dA D−(A)
(
f ′(A) +
∫
C
f ′(α)R(α,A) dα
))
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where we use Lemma 3.10. Now let us prove equation (3.15). From Prop. 3.8 we
have
d
∂g
∂q
=
1
2
(f ′(B) dB + f ′(A) dA) +
1
2
(f ′(B)D+(B) dB − f ′(A)D+(A) dA)
+
1
2
∫
C
f ′(α)
(
R(α,B) (1 +D+(B)) dB +R(α,A) (1−D−(A)) dA
)
dα
=
1
2
(
f ′(B)
(
1 +D+(B)
)
+ (1 +D+(B))
∫
C
f ′(α)R(α,B)dα
)
dB
+
1
2
(
f ′(A)
(
1−D−(A)
)
+ (1−D−(A))
∫
C
f ′(α)R(α,A)dα
)
dA
where we use Lemma 3.11. 
Now let us express dA, dB in terms of dH, dq. Substituting the formula (3.10)
for dt(α) into equation (3.8) we obtain
2i D−(B) dH − 1
2
D+(B) dq + ρ(B)dB =
1
2
dq
2i D−(A) dH − 1
2
D+(A) dq + ρ(A)dA = −1
2
dq
or
dB =
(−2iD−(B)
ρ(B)
)
dH +
(
1 +D+(B)
2ρ(B)
)
dq
dA =
(−2iD−(A)
ρ(A)
)
dH −
(
1−D+(A)
2ρ(A)
)
dq.
(3.16)
Proposition 3.14. The second derivatives of g(q,H) are given by
∂2g
∂H2
=
2i
π
(
D−(B)
2
ρ(B)
ξ − D−(A)
2
ρ(A)
ξ˜
)
∂2g
∂H∂q
= − 1
2π
(
1 +D+(B)
ρ(B)
D−(B) ξ +
1−D+(A)
ρ(A)
D−(A) ξ˜
)
∂2g
∂q2
= − i
8π
(
(1 +D+(B))
2
ρ(B)
ξ − (1−D+(A))
2
ρ(A)
ξ˜
)
Proof. Combining (3.16) with formulas for the second variation, (3.14) and (3.15),
we obtain
d
∂g
∂H
=− 1
π
((−2iD−(B)
ρ(B)
)
dH +
1 +D+(B)
2ρ(B)
dq
)
D−(B) ξ
+
1
π
((−2iD−(A)
ρ(A)
)
dH − 1−D+(A)
2ρ(A)
dq
)
D−(A) ξ˜
= i
(
D−(B)
2
ρ(B)
ξ − D−(A)
2
ρ(A)
ξ˜
)
dH
− 1
4
(
1 +D+(B)
ρ(B)
D−(B) ξ +
1−D+(A)
ρ(B)
D−(A) ξ˜
)
dq
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and
d
∂g
∂q
=− i
4π
(
1 +D+(B)
)
ξ
((−2iD−(B)
ρ(B)
)
dH +
1 +D+(B)
2ρ(B)
dq
)
− i
4π
(
1−D+(A)
)
ξ˜
((−2iD−(A)
ρ(A)
)
dH − 1−D+(A)
2ρ(A)
dq
)
=− 1
2π
(
(1 +D+(B))
D−(B)
ρ(B)
ξ + (1−D+(A)) D−(A)
ρ(A)
ξ˜
)
dH
− i
8π
(
(1 +D+(B))
2
ρ(B)
ξ − (1−D+(A))
2
ρ(A)
ξ˜
)
dq.

Recall that the quantity we are interested in is equation (2.9) in which the role
of f(α) is played by ψ±u (α). The functions ψ
±
u (α) depend on the spectral parameter
u as ψ±(α+ iu). We will assume then that f depends on the spectral parameter in
the same way. In particular, ∂f
∂u
= if ′.
Proposition 3.15.
∂2g
∂H∂u
= − i
π
(
D−(B)ξ −D−(A)ξ˜
)
∂2g
∂q∂u
=
1
4π
(
(1 +D+(B)) ξ + (1−D+(A)) ξ˜
)
Proof. Starting with Proposition 3.8
∂g
∂H
= −2i
∫
C
f ′(α)D−(α) dα
= −2i
(
f(B)D−(B)− f(A)D−(A)−
∫
C
f(α)D′−(α) dα
)
= −2i
(
f(B)D−(B)− f(A)D−(A) +
∫
C
f(α)
(
R(α,B)D−(B)− R(α,A)D−(A)
)
dα
)
.
Differentiating with respect to u gives
∂2g
∂H∂u
= 2
(
f ′(B)D−(B)− f ′(A)D−(A) +
∫
C
f ′(α)
(
R(α,B)D−(B)− R(α,A)D−(A)
)
dα
)
= 2D−(B)
(
f ′(B) +
∫
C
f ′(α)R(α,B) dα
)
− 2D−(A)
(
f ′(A) +
∫
C
f ′(α)R(α,A) dα
)
= − i
π
(
D−(B) ξ −D−(A) ξ˜
)
.
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Similarly
∂g
∂q
=
1
2
(f(B) + f(A)) +
1
2
∫
C
f ′(α)D+(α) dα
=
1
2
f(B)(1 +D+(B)) +
1
2
f(A)(1−D−(A))− 1
2
∫
C
f(α)D′+(α) dα
=
1
2
f(B)(1 +D+(B)) +
1
2
f(A)(1−D−(A)) + 1
2
∫
C
f(α)R(α,B)(1 +D+(B))dα
+
1
2
∫
C
f(α)R(α,A)(1−D+(A))dα.
Differentiating with respect to u gives
∂2g
∂q∂u
=
1
4π
(
(1 +D+(B)) ξ + (1−D+(A)) ξ˜
)
.

4. Limit Shape Shape and its integrability
4.1. The variational principle. Using the same arguments as in the case of dimer
models [CKP], and in the homogeneous six vertex model [ZJ, PR, RS], one can
formulate the variational principle for the six vertex model with inhomogeneous
weights.
Introduce the height function for the six vertex model in the usual way, see for
example [RS]. It is an integer valued function θn,m defined on faces of the square
grid. Its value on a face is determined by local rules shown in Fig. 2. After choosing
the value θa,b at a single face, the local rules give a bijection between possible height
functions and six vertex configurations on a planar simply connected domain.
However, local rules do not define a height function on a cylinder. In this case,
the local definition of the height function may lead to a discontinuity along a non-
contractible path. This simply means that the global object defined by these local
rules is not a function but a section of the corresponding line bundle.
To have a height function be a true function we cut the cylinder at column n = 0
and fix its value at a face with the condition θ0,0 = 0. Thus, the height function
for us is a function θn,m with n = 0, 1, . . . , N,m = 0, 1, . . . ,M . If a six vertex
configuration has n0 paths entering from the bottom and exiting from the top, the
height function has monodromy
θN,m − θ0,m = n0.
θ θ + 1
θ + 1 θ + 2
θ θ
θ θ
θ θ
θ + 1 θ + 1
θ θ + 1
θ θ + 1
θ θ
θ + 1 θ
θ θ + 1
θ θ
Figure 2. Local rules for the height function of the six vertex model.
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Let us describe the thermodynamic limit for a torus and the formation of the
limit shape.
Fix a sequence {ǫk}∞k=1 such that ǫk → 0 as k →∞ and ǫk > 0. One should think
of it as a sequence of mesh lengths. Consider a sequence of cylinders of size Nk×Mk
such that Nkǫk → L and Mkǫk → T as k →∞. Fix two functions φ1, φ2 : [0, L]→ R
satisfying conditions
|φi(x)− φi(x′)| ≤ |x− x′|
assuming that φi(L) = φi(0) + q for some 0 < q < 1.
Fix a sequence of nonnegative integers nk0 such that ǫkn
k
0 → q as k → ∞. For
each k fix functions θk,1, θk,2 : {0, 1, . . . , Nk} → Z such that
|θk,in − θk,in, | ≤ |n− n′|, θk,iNk − θ
k,i
0 = n
k
0
Assume that as k → ∞, normalized boundary height functions ǫkθk,i, regarded as
a piece-wise linear function on [0, L], converges to φi in L∞ topology. Also, assume
that ui = u(ǫki) and vi = v(ǫki) where u(x) and v(y) are smooth functions.
Define the space Hφ1,φ2L,T,q of asymptotic height functions as the space of mappings
h : [0, L]× [0, T ]→ R with the properties
|h(x, y)− h(x′, y)| < |x− x′|, |h(x, y)− h(x, y′)| < |y − y′|
h(L, y) = h(0, y) + q, h(x, 0) = φ1(x), h(x, T ) = φ2(x)
where 0 ≤ q ≤ 1.
Applying the same arguments as [CKP] we expect that the sequence of random
variables θkn,m (height functions for the six vertex model on Nk ×Mk cylinders with
boundary conditions θk,1 and θk,2) have the following asymptotic:
ǫkθn,m → h0(x, y) + ǫkφ(x, y) + . . .
Here we assume that ǫkn→ x, ǫkm→ y. The deterministic functions h0(x, y) is the
limit shape and the random variable φ(x, y) describes Gaussian fluctuations around
the limit shape. The convergence is in probability, with respect to to the six vertex
probability measures on Nk ×Mk cylinders.
The limit shape h0 in the inhomogeneous six vertex model is the minimizer of
the functional
S[h] =
∫ L
0
∫ T
0
σu(y)−v(x)(∂xh, ∂yh)dydx (4.1)
in the space Hφ1,φ2L,T,q .
4.2. Hamiltonian formulation. As was done in the homogeneous case [RS] let
us reformulate the variational principle in the Hamiltonian framework. For the
time being we will assume that the six vertex model is homogeneous in the vertical
direction, i.e. u(y) = u.
Define the space of asymptotic height functionsHL,q in one horizontal layer as the
space of mappings h : [0, L]→ R satisfying the Lipschitz and periodicity conditions
|h(x)− h(x′) < |x− x′|, h(L, y) = h(0, y) + q,
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where 0 < q < 1 is fixed. Elements of the cotangent space T ∗HL,q can be identified
with pairs of functions (π(x), h(x)) where h(x) is as above and π(x) is a function
periodic in x. It is an infinite dimensional symplectic manifold with symplectic form
ω =
∫ L
0
δπ(x) ∧ δh(x)dx. (4.2)
Now let us formulate the Hamiltonian version of the variational principal. It is
an easy exercise to check that if (π(x, y), h(x, y)) is a flow line of the Hamiltonian
vector field on T ∗HL,q generated by the Hamiltonian function
Hu(π, h) =
∫ L
0
Hu−v(x)(∂xh(x), π(x))dx. (4.3)
then h(x, y) is a solution to the Euler-Lagrange equations. Here the function
Hu(q,H) is the semigrand canonical free energy (2.8).
Moreover, there is unique flow line (π0, h0) of this Hamiltonian vector field which
connects Lagrangian subspaces T ∗φ1Hq,L and T ∗φ2Hq,L in Euclidian time T . And the
component h0 is the minimizer of 4.1. Also, the pair (π0, h0) is the unique critical
point in T ∗Hφ1,φ2L,T,q of the Hamilton-Jacobi functional
SHJ(π, h) =
∫ L
0
∫ T
0
(π(x, y)∂yh(x, y)−Hu−v(x)(∂xh(x, y), π(x, y)))dydx (4.4)
Indeed, first minimizing in π and evaluating this functional at the unique criti-
cal point we will arrive to the minimization problem for (4.1). The existence and
uniqueness of the critical point follows from the convexity of Hu(s, t) in t.
4.3. Poisson commutativity of the Hamiltonians. The main result of this pa-
per is the Poisson commutativity of the family Hu(π, h) where v(x) is an arbitrary
smooth functions as described in 4.1. The first step is the following proposition
that characterizes the commutativity of the Hamiltonians Hu in terms of differential
identities for the densities Hu−v(x).
Theorem 4.1. The Hamiltonians 4.3 form Poisson commutative family
{Hu, Hw} = 0
for any u and w if the following identities hold for H = H(π, h, u − v(x)) and
H˜ = H(π, h, w − v(x)):
H11H˜22 − H˜11H22 = 0
H11H˜23 +H12H˜13 −H13H˜12 −H23H˜11 = 0
H12H˜23 +H22H˜13 −H13H˜22 −H23H˜12 = 0
(4.5)
where fi means the derivative of f with respect to the i-th argument.
Remark 4.2. The assumption that v(x) is smooth can be relaxed; for example, the
computations are almost identical when v(x) is piecewise smooth, but with some
subtleties that we will not discuss here.
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Proof. Straightforward computation gives
{Hu, Hw} =
∫ L
0
(
A ∂xπ +B ∂
2
xh+ C ∂x(u− v(x))
)
dy (4.6)
where
A = H11H˜2 − H˜11H2
B = H12H˜2 − H˜12H2
C = H13H˜2 − H˜13H2.
(4.7)
The integrand in (4.6) will be a total derivative if all the mixed derivatives are zero
(a closed one form), that is
∂2A− ∂1B = 0
∂3A− ∂1C = 0
∂3B − ∂2C = 0.
(4.8)

In section 4.4 , we will prove that the identities (4.5) hold for the 6-vertex model.
4.4. Proof of Commuting Hamiltonians. Let us apply the analysis of integral
equations in the previous section to the case of interest eqn. (2.9), reproduced here
H±u−v(x)(q,H) = ±H + l± +
∫
C
ψ±u (α)ρ(α)dα
where l± depend only on the spectral parameter. Note that when we take second
derivatives, only the contributions from the integral above will remain. This integral
is precisely of the form of g(q,H). Using Prop. 3.14 and 3.15 and Lemma 3.12, we
have
H11 = −
4D2−
π
Im(ξ/q)
H12 = −2 Re(ξ/q)
H22 = π
D2−
Im(ξ/q)
H13 = 2D−
π
Im(ξ)
H23 = 1
D−
Re(ξ)
where we write D± for D±(B). As these identities hold for both H+ and H−,
they hold the max as well. Note that all these quantities depend on the spectral
parameter.
Theorem 4.3. The identities (4.5) hold for the 6-vertex model.
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Proof. Start with the second equation of (4.5). Substituting the above expressions
for H give
H11H˜23 +H12H˜13 −H13H˜12 −H23H˜11
=− 4D−
π
(
Im(ξ/q) Re(ξ˜) + Re(ξ/q) Im(ξ˜)− ( ·˜ ↔ · )
)
=
4D−
π
(
Im(ξξ˜/q)− Im(ξ˜ξ/q)
)
= 0.
Here we used the fact that q and H are fixed (the same for H and H˜), and that the
roots of the Bethe equations do not depend on the spectral parameter u (so that
D− does not depend on u).
Similarly, for the third equation
H12H˜23 +H22H˜13 −H13H˜22 −H23H˜12
= − 2
D−
(
Re(ξ/q) Re(ξ˜)− Im(ξ/q) Im(ξ˜)− ( ·˜ ↔ · )
)
= − 2
D−
(
Re(ξξ˜/q)− Re(ξξ˜/q)
)
= 0.
The first equation follows from commutativity of homogeneous Hamiltonians.
Reproducing this for completeness, we have
H11H˜22 − H˜11H22
= −4D
2
−
π
Im(ξ/q)
π
D2−
Im(ξ˜/q) +−4D
2
−
π
Im(ξ˜/q)
π
D2−
Im(ξ/q)
= −4Im(ξ/q)Im(ξ˜/q) + 4Im(ξ˜/q)Im(ξ/q)
= 0.

5. Concluding remarks
We proved the Poisson commutativity of the family of Hamiltonians (4.3). It
implies that the Euler-Lagrange equations, regarded as an evolution equation in
Euclidean time, have infinitely many conservation laws. Thus, we can conjecture
that the equations describing the 6-vertex model with integrable inhomogeneities
in the horizontal direction, and which is homogeneous in the vertical direction, is
integrable.
When the model is inhomogeneous in the vertical direction, i.e. when u(y) is not
a constant function of y, we have the same conservation laws for the time dependent
Hamiltonian
Hu(y)(π, h) =
∫ L
0
Hu(y)−v(x)(∂xh(x), π(x))dx.
This fact has a simple illustration in the finite dimensional case.
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Assume (M,ω) is a symplectic manifold and and H1, . . . , Hn are Poisson com-
muting functions on M . Consider a time dependent Hamiltonian
Ht(x) = f(H1(x), . . . , Hn(x), t)
where f is a smooth function. It is easy to check that functions H1, . . . , Hn re-
main constant along Hamiltonian flow lines generated by Ht, i.e. along solutions to
differential equations
dxi(t)
dt
=
∑
j
(ω−1(x(t))ij
∂Ht
∂xi
(x(t)
where this is written in local coordinates xi onM and ω−1(x) is the inverse matrix to
the tensor ωij(x) representing ω(x) =
∑
ij ωij(x)dx
i ∧ dxj , ∑j ω−1(x)ijωjk(x) = δik.
We were focusing on the case ∆ < −1 and small inhomogeneities. Extending
these results to −1 ≤ ∆ ≤ 1 and to ∆ > 1 is straightforward. In the describing the
Hamiltonian framework we were assuming smoothness ofHu(q,H) in q and H which
is not alway true. However, this assumption is valid when the values of (∂xh, ∂yh)
are in the disordered region. This can always be achieved by choosing appropriate
initial and target values of the height function.
The very interesting problem of finding out whether the Hamiltonian flow in
question is really integrable remains. We conjecture that this is the case. To prove
this one should find corresponding action angle variables as in other Hamiltonian
systems [FT1].
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